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Nonparametric Regression

Given S = {(x1, y1), ..., (xn, yn)} with xi ∈ RD i.i.d. sam-
pled from a distribution D, we observe

yi = f∗(xi) + ε,

• ε1, . . . , εn are i.i.d. from N(0, 1);

• f∗ ∈ F with F being a class of smooth functions, e.g.,
Hölder, Sobolev and Besov spaces.

Information-Theoretic Lower Bound:

inf
f̂

sup
f∗∈F

ESEX|S(f̂(X)− f∗(X))2 � n−
2(s+α)

2(s+α)+D ,

• X ∼ D and F is Hölder class Hs,α.

Theory VS Practice
Object Recognition on ImageNet:

• ImageNet: 1000000 images in 1000 categories;

• Image Resolution: 384× 384;

• Empirical Performance: Top 1 Accuracy 86.4%
and Top 5 Accuracy 98.0%;

• Theoretical Bound: ntheory & ε−D/(s+α);

• For moderate s and α, ntheory � 1, 000, 000.

Question:
• Why does there exist such a huge gap between
theory and practice?

Low Dimensional Structures
. Practical Motivation: Images and acoustic signals exhibit
low dimensional structures.

Figure 3. Two dimensional embedding of
N =400 images of a rotating teapot, obtained
by SDE using k = 4 nearest neighbors. For
this experiment, the teapot was rotated 360
degrees; the low dimensional embedding is
a full circle. A representative sample of im-
ages are superimposed on top of the embed-
ding.

Fig. 4 was generated from the same data set of images;
however, for this experiment, only N = 200 images were
used, sampled over 180 degrees of rotation. In this case, the
eigenvalue spectrum from SDE detects that the images lie
on a one dimensional curve (see Fig. 7), and the d =1 em-
bedding in Fig. 4 orders the images by their angle of rota-
tion.
Fig. 5 shows the results of SDE on a data set ofN =1000

images of faces. The images contain different views and
expressions of the same face. The images have 28 × 20
grayscale pixels, giving rise to inputs with D = 560 di-
mensions. The plot in Fig. 5 shows the first two dimensions
of the embedding discovered by SDE, using k = 4 nearest
neighbors. Interestingly, the eigenvalue spectrum in Fig. 7
indicates that most of the variance of the spectral embed-
ding is contained in the first three dimensions.
Fig. 6 shows the results of SDE applied to another data

set of images. In this experiment, the images were a subset
of N = 638 handwritten TWOS from the USPS data set of
handwritten digits [10]. The images have 16×16 grayscale
pixels, giving rise to inputs with D = 256 dimensions. In-
tuitively, one would expect these images to lie on a low di-
mensional manifold parameterized by such features as size,
slant, and line thickness. Fig. 6 shows the first two dimen-
sions of the embedding obtained from SDE, with k=4 near-
est neighbors. The eigenvalue spectrum in Fig. 7 indicates a
latent dimensionality significantly larger than two, but still
much smaller than the actual number of pixels.

Figure 5. Top: two dimensional embedding of
N = 1000 images of faces, obtained by SDE
using k = 4 nearest neighbors. Representa-
tive faces are shown next to circled points.
Bottom: eigenvalues of SDE and PCA on this
data set, indicating their estimates of the un-
derlying dimensionality. The eigenvalues are
shown as a percentage of the trace of the out-
put Gram matrix for SDE and the trace of the
input Gram matrix for PCA. The eigenvalue
spectra show that most of the variance of
the nonlinear embedding is confined to many
fewer dimensions than the variance of the lin-
ear embedding.

5. Discussion

The last few years have witnessed a number of de-
velopments in manifold learning. Recently proposed al-
gorithms include Isomap [19], locally linear embedding
(LLE) [14, 15], hessian LLE (hLLE) [8], and Laplacian
eigenmaps [1]; there are also related algorithms for clus-
tering [17]. All these algorithms share the same basic struc-
ture as SDE, consisting of three steps: (i) computing neigh-
borhoods in the input space, (ii) constructing a square ma-
trix with as many rows as inputs, and (iii) spectral embed-
ding via the top or bottom eigenvectors of this matrix. SDE
is based on a rather different geometric intuition, however,
and as a result, it has different properties.
Comparing the algorithms, we find that each one at-

tempts to estimate and preserve a different geometric signa-

. Key Observation: Data intrinsic dimension is much smaller
than the ambient dimension — making statistical estimation
manageable.

Model data using a low dimensional manifold.

Regression on Low Dimensional Manifolds
. Low Dimensional Smooth Manifolds

Unroll
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Hand-Written Digits Speech Signals

. Regression on Low Dimensional Manifolds

• xi sampled from a d-dimensional manifoldM (d� D);

• F is Hölder onM (distinguish from Hölder on RD).

• We learn f̂ by minimizing the empirical `2 risk, i.e.,

f̂ = argmin
f∈FNN

1

n

n∑
i=1

(f(xi)− yi)2, (1)

where FNN denotes a class of ReLU neural networks.
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f(x) = W L�(· · ·�(W 2�(W 1x + b1) + b2) · · · ) + bL,
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. Size of ReLU Neural Networks in FNN
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Flat Manifold Curved Manifold

Highly depends on smoothness of f∗, curvature ofM.

Assumptions
• M is compact with reach bounded by τ .

Slow Change Rapid Change

Large ⌧
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• f∗ belongs to the Hölder ball Hs,αM of radius 1 onM.∣∣∣Ds(f∗ ◦ φ−1)
∣∣
φ(x1)

−Ds(f∗ ◦ φ−1)
∣∣
φ(x2)

∣∣∣
≤ ‖φ(x1)− φ(x2)‖α2 .

Statistical Recovery
. Architecture: Sparse ReLU Network

Theorem 1 (Bias Characterization). For any given ε ∈ (0, 1),
there exists a ReLU network architecture with
• no more than O(log 1

ε + logD) layers;
• at most O(ε−

d
s+α log 1

ε + D log 1
ε + D logD) neurons

and weight parameters,
such that for any f∗ ∈ Hs,αM , the network with properly chosen
parameters yields f̃ satisfying

‖f̃ − f∗‖∞ ≤ ε.ww� Bias-Variance Trade-off

. Statistical Recovery Guarantee

Theorem 2 (Estimation Error). Suppose that f̂n minimizes
the empirical risk (1), where

FNN =
{
f | f is an L-layer ReLU network with width

bounded by p, ‖f‖∞ ≤ R, ‖Wj‖∞ ≤ κ , ‖bj‖∞ ≤ κ
and

∑L
j=1 ‖Wj‖0 + ‖bj‖0 ≤ K

}
.

Let L = O
( (s+α) logn
d+2s+2α

)
, p = O

(
n

d
d+2s+2α

)
and K = O(Lp),

ESEX|S
(
f̂n(X)− f∗(X)

)2
= O

(
n−

2(s+α)
2s+2α+d log3 n

)
.ww� Optimal?

. Minimax Lower Bound

Conjecture 3 (Common Belief). Given X ∼ D supported on
M, we have

inf
f̂

sup
f∗∈Hs,αM

ESEX|S(f̂(X)− f∗(X))2 = Ω
(
n−

2(s+α)
2(s+α)+d

)
.

Long lasting belief for nonparametric regression on
low dimensional manifolds — no rigorous proof.

Construct Sparse ReLU Network
. Step I: Chart Construction

Ui
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More Open Sets 
to Cover

⇢ [0, 1]d
<latexit sha1_base64="Q4TpLbYskWVW0d9iz9+tsM2Veu0=">AAACDXicbVDLSsNAFL3xWesr6tLNYBFcSEmqoMuiG5cV7APaWCaTSTt0Mgkzk0IJ/QZ/wK3+gTtx6zf4A36HkzYLbT1w4XDOfXH8hDOlHefLWlldW9/YLG2Vt3d29/btg8OWilNJaJPEPJYdHyvKmaBNzTSnnURSHPmctv3Rbe63x1QqFosHPUmoF+GBYCEjWBupb9s9lfqKatR1zpHrPQZ9u+JUnRnQMnELUoECjb793QtikkZUaMKxUl3XSbSXYakZ4XRa7qWKJpiM8IB2DRU4osrLZp9P0alRAhTG0pTQaKb+nshwpNQk8k1nhPVQLXq5+K8XqHzhwnUdXnsZE0mqqSDz42HKkY5RHg0KmKRE84khmEhm/kdkiCUm2gRYNsG4izEsk1at6l5Ua/eXlfpNEVEJjuEEzsCFK6jDHTSgCQTG8Awv8Go9WW/Wu/Uxb12xipkj+APr8weHOpsF</latexit>

• M =
⋃CM
i=1 Ui with CM =

⌈
Vol(M)·d log d

τd

⌉
;

• φi : RD 7→ Rd data transformation.

Overlapping Charts =⇒ Balance Contribution (Step III)

. Step II: Local Taylor Approximation

�i(Ui) ⇢ [0, 1]d
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M ⇢ RD
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f⇤(x) 2 Hs,↵
M
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i 2 Hs,↵
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Approximation in Rd =⇒ Ambient Dimension D Free

. Step III: Chart Determination and Pairing

Uj
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cj
<latexit sha1_base64="eccxobEmlbvwr7/7p8f0+ar7AvI=">AAACDXicbVDLSsNAFL2pr1pfUZdugkVwVZIq6LLoxmUF+4A2hMlk2o6dzISZSaGEfoM/4Fb/wJ249Rv8Ab/DSZuFth4Y5nDOfXHChFGlXffLKq2tb2xulbcrO7t7+wf24VFbiVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxzf5n5nQqSigj/oaUL8GA05HVCMtJEC2+6HgkVqGpsvw7PgMbCrbs2dw1klXkGqUKAZ2N/9SOA0JlxjhpTqeW6i/QxJTTEjs0o/VSRBeIyGpGcoRzFRfja/fOacGSVyBkKax7UzV393ZChW+XGmMkZ6pJa9XPzXi1Q+cGm7Hlz7GeVJqgnHi+WDlDlaOHk0TkQlwZpNDUFYUnO/g0dIIqxNgBUTjLccwypp12veRa1+f1lt3BQRleEETuEcPLiCBtxBE1qAYQLP8AKv1pP1Zr1bH4vSklX0HMMfWJ8/7w6cgw==</latexit>

kx � cjk2
<latexit sha1_base64="T/6aARvg4lSB4f5pNpH3rMr/CU0=">AAACJXicbVC7TsMwFHXKq5RXgJHFokLqQpUUJJhQJRbGItGH1ESR4zitqfOQ7SCqNL/Ab/ADrPAHbAiJiY3vwGkz0JYjWT46517f6+PGjAppGF9aaWV1bX2jvFnZ2t7Z3dP3DzoiSjgmbRyxiPdcJAijIWlLKhnpxZygwGWk646uc7/7QLigUXgnxzGxAzQIqU8xkkpy9Jo1gZYbMU+MA3Wljxk8nRNw5txbE6fh6FWjbkwBl4lZkCoo0HL0H8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoQHpKxqigAg7nf4ogydK8aAfcXVCCafq344UBSJfUFUGSA7FopeL/3qeyB9cmC79SzulYZxIEuLZcD9hUEYwjwx6lBMs2VgRhDlV+0M8RBxhqYKtqGDMxRiWSadRN8/qjdvzavOqiKgMjsAxqAETXIAmuAEt0AYYPIEX8AretGftXfvQPmelJa3oOQRz0L5/AXZKpkA=</latexit>

kx � cik2
<latexit sha1_base64="Uxdsi57/2mfs1zS3VyH26dECU40=">AAACJXicbVC7TsMwFHV4lvIKMLJYVEhdqJKCBBOqxMJYJPqQmihyHKe16jiR7SCqtL/Ab/ADrPAHbAiJiY3vwGkz0JYjWT46517f6+MnjEplWV/Gyura+sZmaau8vbO7t28eHLZlnApMWjhmsej6SBJGOWkpqhjpJoKgyGek4w9vcr/zQISkMb9Xo4S4EepzGlKMlJY8s+qMoePHLJCjSF/Z4wSezQl44lFn7NU9s2LVrCngMrELUgEFmp754wQxTiPCFWZIyp5tJcrNkFAUMzIpO6kkCcJD1Cc9TTmKiHSz6Y8m8FQrAQxjoQ9XcKr+7chQJPMFdWWE1EAuern4rxfI/MGF6Sq8cjPKk1QRjmfDw5RBFcM8MhhQQbBiI00QFlTvD/EACYSVDrasg7EXY1gm7XrNPq/V7y4qjesiohI4BiegCmxwCRrgFjRBC2DwBF7AK3gzno1348P4nJWuGEXPEZiD8f0LdK6mPw==</latexit>

1
<latexit sha1_base64="ylmYBBh39LZ1en+l8d8qe0iQbxY=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6MJFwY3LCvYB7VgymUwbmkmGJCOUoV/gD7jVP3Anbv0Kf8DvMNPOQlsPhBzOuS9OkHCmjet+OSura+sbm6Wt8vbO7t5+5eCwrWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMb3K/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYvtl3nRQqbo1dwa0TLyCVKFAc1D57oeSpDEVhnCsdc9zE+NnWBlGOJ2W+6mmCSZjPKQ9SwWOqfaz2dVTdGqVEEVS2ScMmqm/OzIc6/w0WxljM9KLXi7+64U6H7iw3URXfsZEkhoqyHx5lHJkJMpjQSFTlBg+sQQTxez9iIywwsTY8Mo2GG8xhmXSrte881r97qLauC4iKsExnMAZeHAJDbiFJrSAgIJneIFX58l5c96dj3npilP0HMEfOJ8/jEebPQ==</latexit>

0
<latexit sha1_base64="wn+bO+lusf1RnGorkqG5qjWDbcI=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6MJFwY3LCvYB7VgymUwbmkmGJCOUoV/gD7jVP3Anbv0Kf8DvMNPOQlsPhBzOuS9OkHCmjet+OSura+sbm6Wt8vbO7t5+5eCwrWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMb3K/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYvtl7nRQqbo1dwa0TLyCVKFAc1D57oeSpDEVhnCsdc9zE+NnWBlGOJ2W+6mmCSZjPKQ9SwWOqfaz2dVTdGqVEEVS2ScMmqm/OzIc6/w0WxljM9KLXi7+64U6H7iw3URXfsZEkhoqyHx5lHJkJMpjQSFTlBg+sQQTxez9iIywwsTY8Mo2GG8xhmXSrte881r97qLauC4iKsExnMAZeHAJDbiFJrSAgIJneIFX58l5c96dj3npilP0HMEfOJ8/iq6bPA==</latexit>

1̂Uj = 0
<latexit sha1_base64="0aZRGN/33uUKqanPa8vhnLZ+fbA=">AAACM3icbVDLSsNAFJ3UV62vqEs3g63gqiQV1I1ScOOygmkLTQiTyaQdO3kwMxFKyJ/4G/6AW/0BcSfizn9w0mZRWy8Mczjn3rlnjpcwKqRhvGuVldW19Y3qZm1re2d3T98/6Io45ZhYOGYx73tIEEYjYkkqGeknnKDQY6TnjW8KvfdIuKBxdC8nCXFCNIxoQDGSinL184Y9QjKzvZj5YhKqK7NDJEe+yMw8z93Mch9yeAXnG4y84ep1o2lMCy4DswR1UFbH1b9tP8ZpSCKJGRJiYBqJdDLEJcWM5DU7FSRBeIyGZKBghEIinGz6vxyeKMaHQczViSScsvMTGQpF4U11Ft7FolaQ/2q+KB5c2C6DSyejUZJKEuHZ8iBlUMawCBD6lBMs2UQBhDlV/iEeIY6wVDHXVDDmYgzLoNtqmmfN1l2r3r4uI6qCI3AMToEJLkAb3IIOsAAGT+AFvII37Vn70D61r1lrRStnDsGf0n5+AWlYrFk=</latexit>

1̂Ui = 1
<latexit sha1_base64="khdbp6a0Ztq6Rj54dYefdNWDZ2c=">AAACM3icbVDLSgMxFM34rPU16tJNsBVclZkK6kYpuHFZwWkLnWHIZDJtaOZBkhFKmD/xN/wBt/oD4k7Enf9gpu2itl4IOZxzb+7JCTJGhbSsd2NldW19Y7OyVd3e2d3bNw8OOyLNOSYOTlnKewEShNGEOJJKRnoZJygOGOkGo9tS7z4SLmiaPMhxRrwYDRIaUYykpnzzou4OkVRukLJQjGN9KTdGchgKZRdF4SvHpwW8hvMNdlH3zZrVsCYFl4E9AzUwq7ZvfrthivOYJBIzJETftjLpKcQlxYwUVTcXJEN4hAakr2GCYiI8NflfAU81E8Io5fokEk7Y+QmFYlF6052ld7GoleS/WijKBxe2y+jKUzTJckkSPF0e5QzKFJYBwpBygiUba4Awp9o/xEPEEZY65qoOxl6MYRl0mg37vNG8b9ZaN7OIKuAYnIAzYINL0AJ3oA0cgMETeAGv4M14Nj6MT+Nr2rpizGaOwJ8yfn4BaUesWQ==</latexit>

r(Ui) or r(Uj)
<latexit sha1_base64="haUYEaOZu9d2gnWUV3o/ACr/10Y=">AAACK3icbVC7TsMwFHXKq5RXgJHFokVqlyopAwwMlVgYi0TaSm0UOY7TmjpxZDtIVdS/4Df4AVb4AyYQK3wHTpsBWu7io3Pu4/j4CaNSWda7UVpb39jcKm9Xdnb39g/Mw6Ou5KnAxMGccdH3kSSMxsRRVDHSTwRBkc9Iz59c53rvgQhJeXynpglxIzSKaUgxUpryzGZt6HMWyGmkn0zM6o5HGzXIBVwV7hs1z6xaTWtecBXYBaiCojqe+T0MOE4jEivMkJQD20qUmyGhKGZkVhmmkiQIT9CIDDSMUUSkm83/NYNnmglgqM2EPFZwzv6eyFAkc4O6M0JqLJe1nPxXC2S+cOm6Ci/djMZJqkiMF8fDlEHFYR4cDKggWLGpBggLqv1DPEYCYaXjrehg7OUYVkG31bTPm63bVrV9VURUBifgFNSBDS5AG9yADnAABo/gGbyAV+PJeDM+jM9Fa8koZo7BnzK+fgA7xKd4</latexit>

Weighted sum to approximate f∗:

f̃ =

CM∑
i=1

ηi · 1̂Ui · (Pi ◦ φi) ≈ f∗,

Unmatched

Uj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ui
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

xi
<latexit sha1_base64="LF6jcN1YyHzvP6OJcE36KDgPUi8=">AAAB+3icbVA7T8MwGHR4lvIKZWSxaJE6VUkZYKzEwlgk+pDaKHIcp7Xq2JHtoFZR/goLAwix8kfY+Dc4bQZoOcny6e775PMFCaNKO863tbW9s7u3XzmoHh4dn5zaZ7W+EqnEpIcFE3IYIEUY5aSnqWZkmEiC4oCRQTC7K/zBE5GKCv6oFwnxYjThNKIYaSP5dq0xDgQL1SI2VzbPfdrw7brTcpaAm8QtSR2U6Pr21zgUOI0J15ghpUauk2gvQ1JTzEheHaeKJAjP0ISMDOUoJsrLltlzeGWUEEZCmsM1XKq/NzIUqyKdmYyRnqp1rxD/80apjm69jPIk1YTj1UNRyqAWsCgChlQSrNnCEIQlNVkhniKJsDZ1VU0J7vqXN0m/3XKvW+2Hdr3TLOuogAtwCZrABTegA+5BF/QABnPwDF7Bm5VbL9a79bEa3bLKnXPwB9bnDwo/lFo=</latexit>

xj
<latexit sha1_base64="lYByLAgIHj9sBEK2M5WFDoZRvCk=">AAAB+3icbVA7T8MwGHTKq5RXKCOLRYvUqUrKAGMlFsYi0YfURpHjuK2pY0e2g1pF+SssDCDEyh9h49/gtBmg5STLp7vvk88XxIwq7TjfVmlre2d3r7xfOTg8Oj6xT6s9JRKJSRcLJuQgQIowyklXU83IIJYERQEj/WB2m/v9JyIVFfxBL2LiRWjC6ZhipI3k29X6KBAsVIvIXOk88x/rvl1zms4ScJO4BamBAh3f/hqFAicR4RozpNTQdWLtpUhqihnJKqNEkRjhGZqQoaEcRUR56TJ7Bi+NEsKxkOZwDZfq740URSpPZyYjpKdq3cvF/7xhosc3Xkp5nGjC8eqhccKgFjAvAoZUEqzZwhCEJTVZIZ4iibA2dVVMCe76lzdJr9V0r5qt+1at3SjqKINzcAEawAXXoA3uQAd0AQZz8AxewZuVWS/Wu/WxGi1Zxc4Z+APr8wcLxJRb</latexit>

�i(xj)
<latexit sha1_base64="WrDH36wEniyWosRgoSSmdLaSmAk=">AAACFHicbVC7SgNBFJ31GeMrammzmAgRIezGQsuAjWUE84BsWGZnb5Ixsw9m7krCsh9h46/YWChia2Hn3zh5FJp4YJjDOffeuXO8WHCFlvVtrKyurW9s5rby2zu7e/uFg8OmihLJoMEiEcm2RxUIHkIDOQpoxxJo4AloecPrid96AKl4FN7hOIZuQPsh73FGUUtu4dxBGOF0TirBz9KSEw+4y8uOFwlfjQN9paPMvT8rZW6haFWsKcxlYs9JkcxRdwtfjh+xJIAQmaBKdWwrxm5KJXImIMs7iYKYsiHtQ0fTkAaguul0mcw81Ypv9iKpT4jmVP3dkdJATfbTlQHFgVr0JuJ/XifB3lU35WGcIIRs9lAvESZG5iQh0+cSGIqxJpRJrnc12YBKylDnmNch2ItfXibNasW+qFRvq8VaeR5HjhyTE1ImNrkkNXJD6qRBGHkkz+SVvBlPxovxbnzMSleMec8R+QPj8wdAHJ92</latexit>

�i(xi)
<latexit sha1_base64="MwxfgHe1e6aU2ctT+0AmV1DfVzY=">AAACA3icbVC7TsMwFHV4lvIKsMFi0SKVpUrKAGMlFsYi0YfURpHjOK1Vx45sB1FFlVj4FRYGEGLlJ9j4G5w2A7QcyfLROffq3nuChFGlHefbWlldW9/YLG2Vt3d29/btg8OOEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC+zv3uPZGKCn6nJwnxYjTkNKIYaSP59nF1kIyoT2uDQLBQTWLzZQ9Tn55Xfbvi1J0Z4DJxC1IBBVq+/TUIBU5jwjVmSKm+6yTay5DUFDMyLQ9SRRKEx2hI+oZyFBPlZbMbpvDMKCGMhDSPazhTf3dkKFb5eqYyRnqkFr1c/M/rpzq68jLKk1QTjueDopRBLWAeCAypJFiziSEIS2p2hXiEJMLaxFY2IbiLJy+TTqPuXtQbt41Ks1bEUQIn4BTUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89IVq+g5An9gff4AjhqXYA==</latexit>

�j(xj)
<latexit sha1_base64="hR4S63xrV7X5mz/BxlKa0TyMK+U=">AAACA3icbVC7TsMwFHV4lvIKsMES0SKVpUrKAGMlFsYi0YfURJHjOK1bx45sB1FFlVj4FRYGEGLlJ9j4G5w2A7QcyfLROffq3nuChBKpbPvbWFldW9/YLG2Vt3d29/bNg8OO5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC+zv3uPRaScHanJgn2YjhgJCIIKi355nHVTYbEH9XcgNNQTmL9ZQ9Tf3Re9c2KXbdnsJaJU5AKKNDyzS835CiNMVOIQin7jp0oL4NCEUTxtOymEicQjeEA9zVlMMbSy2Y3TK0zrYRWxIV+TFkz9XdHBmOZr6crY6iGctHLxf+8fqqiKy8jLEkVZmg+KEqppbiVB2KFRGCk6EQTiATRu1poCAVESsdW1iE4iycvk06j7lzUG7eNSrNWxFECJ+AU1IADLkET3IAWaAMEHsEzeAVvxpPxYrwbH/PSFaPoOQJ/YHz+AJE3l2I=</latexit>

M
<latexit sha1_base64="bjDmPp0n5on4Yn3q+eqtfRjwNqY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpC10W3LgRKtgHtEPJpJk2NJOMSaZQhn6HGxeKuPVj3Pk3ZtpZaOuBwOGce7knJ4g508Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKEJbRHKpugHWlDNBW4YZTruxojgKOO0Ek9vM70yp0kyKRzOLqR/hkWAhI9hYya/2I2zGBPP0fl4dlCtuzV0ArRMvJxXI0RyUv/pDSZKICkM41rrnubHxU6wMI5zOS/1E0xiTCR7RnqUCR1T76SL0HF1YZYhCqewTBi3U3xspjrSeRYGdzDLqVS8T//N6iQlv/JSJODFUkOWhMOHISJQ1gIZMUWL4zBJMFLNZERljhYmxPZVsCd7ql9dJu17zrmr1h3ql4eZ1FOEMzuESPLiGBtxBE1pA4Ame4RXenKnz4rw7H8vRgpPvnMIfOJ8/OxqRrw==</latexit>

where
∑CM
i=1 ηi(x) = 1 to balance the contribution of local

Taylor approximations Pi’s.

Discussions
. ReLU activation vs Smooth activation
• Popular in modern applications;
• Mitigate the gradient vanishing issue.

. Feedforward Network vs Convolutional Network
• Conv. filters to extract the low dimensional structures.

. Computational Concerns
• Global optimum?
• Overparameterization?


